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EXx: Specify a Garbage Collector

“Collects all dead cells immediately”
— too often

“Collects some dead cells, periodically”
— possibly none, ever

“Collects > 17 dead cells every < (0.2 seconds”
— not abstract



Solution

“Collects n dead cells every 1/m seconds”
for n,m — oo.

Refine, retaining n and m
Compromise: pick specific values of n and m

Late compromise — why?
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Example 1 - bounded buffer

— Buffer — Remove
cont : seq Z ABuffer
| -
 EmptyBuf out! : Z
Buffer’ cont = {(out!) ~ cont’
cont’ = ()
—Insert
ABuffer
in?: 7

cont’ = cont ™ (in?)

Implement by a bounded buffer of a particu-
lar size, e.d., n = 256. Inserty, iS replaced by
Insertp:

—Insertp
ABuffer
in?: 7

(#tcont < n A cont’ = cont ™ {(in?))
V(#cont >= n A cont’ = cont)




Example 2 - add

Start with Add,,, replace it by Addp, refine
that to ModAdd, and finally instantiate n to

maxint.

—_Add
A[X ; N]; add? : N
x"' = x + add?
—_Addp

A[X:N]; add? : N
x'=x+add?Ax' < n

_ ModAddj,
Alx:Z|-n<x<n]

add? : N

x"mod (2 % n) = (x + add?) mod (2 * n)
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Central idea
If impo00 Sp = S, then equate (Sp)pen With S.

Define metrics and limits with respect to dif-
ferent criteria.

Development Process - Four kinds of steps:

Element-wise refine
apply refinement uniformly to each of (Sp)

Introduce sequence
replace S with (Sp) such that S is the limit
of (Sp).

Replace sequence
replace (Sp) by (Tp) if both have same
limit S.

Compromise
replace a sequence (Sp) with one of its
elements Sp



Example 1
Initial spec Addy
(Addp) (sequence introduction),

(ModAddp) (element-wise refinement) where

__ModAdd,
Alx:Z|-n<x<n]

add? : N

x"mod (2 % n) = (x + add?) mod (2 * n)

instantiate n to maxint — compromise



Example 2 - unbounded buffer
Initial spec Buf,
replace by (Bufp) (sequence introduction)

replace by (Bufy.n)nen (Sequence replacement,
same limit)

composition of two copies of Buf, (element-
wise refinement)

instantiate n to 256 (compromise).



Soundness etc

Theorem

The sequence (Sp) with limit Sy is refined by
the sequence (Tp) with limit T iff

S is refined by T.

(by definition)

But: element-wise refinement does not nec-
essarily lead to refinement between sequences.

(Tn) must have a limit ...



Metrics and limits

Idea: define a distance between the limit and
each sequence element (ie approximation).

A metric on Ais a function d: Ax A — R such
that Vx,y,z € A:

d(x,y) >0

d(X,_V) — d(_V,X)
dx,y)=0iff x=y
dx,y)<dx,z)+d(z,y)

The limit of a sequence is the defined as the
point of convergence with respect to a metric.

A sequence s, converges to s, denoted s, — s,
whenever:

Ve>0 AN Vn> N d(sp,s) <e
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Program length

Data refinement asks for consistency of ob-
servations for all programs.

Define a metric by assigning a distance to
specifications which agree on observations up
to a certain length.

Define the metric d; by

0 if A=gata C
d/(A, C) ={ 27" ifn= min{m - N | Pc 75 PA
A#P =m}
where the length of the program is the num-
ber of operations plus one (for the initialisa-
tion).

Two specifications are close if it takes a long
time to tell them apart, where a 'long time’
is length of program before the difference is
observed.
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Buffer example

The shortest program that can observe that
Buf, is different from Buf has size 2n + 2:

first n+ 1 elements are inserted (the last of
which is the first one to be ignored),

then n Remove operations are successful, and
the next Remove operation fails.

Thus d,(Bufy, Buf) = 2-2M3) and so Buf, —
Buf.



If we change the finite buffer specification, we
get a different distance,

but still convergence to the unbounded buffer.

For example, if we insert and remove from the
same end then we can observe the difference
quicker since we don’'t have to remove all the
elements first.

The distance between the two buffers is then
o—(n+1) "3nd thus tends to zero.
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Add example

Need observer:

- Obs
out! : N
out! = x

Then dj(An, Ax) = 1/23 since the sequence
Init; Add; Obs will observe a difference for
any input bigger than n.

So, with respect to this metric, we don’t get
convergence.

This is despite the sequence (Addp)n being
ordered by refinement:

pre Addp = pre Addpq

and
pre Addn N Addp1 = Addp
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Although dj(An, Ax) = 1/23, the behaviour is
correct for some inputs.

This metric stresses quantification over pro-
grams at the expense of quantification over
inputs/outputs.

Consider, for example,

— Oppn — Op
Alx:N] Alx:N]
x?7: N x?7: N
yl: B vyl B
X?T#%N & y! y!

Then d;(Opp, Op) = 1/4 despite the fact that
Op and Opp have identical behaviour for all
but one input.
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Input /output metrics - Bounded data types

~ Addp ~ Adde
Alx:0.m] Alx:0.m]
add? :0..m add? : 0..m
x' = add? A x" < n x' = add?
— Obs
y! N
yl=x

We want to define a metric which counts the
values for which (Init, Addn, Obs) differs from
(Init, Addso, ODbS).

This time will base our metric on the simula-
tion rules

Not sufficient to just count the outputs: Obs
in the concrete is clearly a correct refinement
of Obs in the abstract.

Thus will need to consider both inputs and
outputs - and thus both applicability and cor-
rectness.
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Define d in terms of the maximum distance
between the constituent operations:

d(A, C) = maxic1d(AOp;, COp;)

and the distance between two operations in
terms of an asymmetrical distance based on
applicability and correctness:

d(AOp, COp) = max{p(AOp, COp), p(COp, AOp)}
p(AOp, COp) = pa(AOpP, COP) + pc(AOp, COPp)

pa Will measure distance in preconditions, and
pc distance in correctness.

Both will count values where failure occurs,
and return the ratio of this to the size of the
input/output domain as the distance.



Let x7:Y, and y!: Z.

Define pa(AOp, COp) = <#‘;%—j7')

where T is the largest set T C Y such that

Vx?7: T eV State e pre AOp = pre COp

Define pc(AOp, COp) = #Z,FT)

where T is the largest set T C Z such that

Vyl: T eV State; State’: x?7:Y e
pre AOp N COp = AOp
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Example - Add

Distance between A, = (Init, Addn, Obs) and
Ax = (Init, Addy,, Obs):

d(An, Aso) = d(Addp, Addso)
— p(Addso, Addh)

= pa(Addse, Add))
=(m—#T)/m

where T is the largest T C 0..m for which
add? : T e add? < n, hence

(m—(n—1))/m iifn<m

d(An, A) = 0 otherwise

and so d(Ap,A) — 0.



Proposition 1 d is a metric on the set of
equivalence classes (with respect to refine-
ment) of specifications.

Proposition 2 If S; C S;,1 and S is the least
upper bound in the refinement ordering (i.e.,
SiC S and no other S;C T CE S with T #g4at4
S), then d(S;,S) — 0.
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Non-finite state

— State _ Statey
‘ X :0..m XN
hAddn[S] hACIO'OO[S]
AS AS
add? : 0..m add? : 0..m

xX'=x+add?’ANx'"<n x'=x+ add?

Then d(Addp|State;|, Add|State]) = 1—#T /m,
where

%} if n<m
T =:0..m if n>2m
0...n—m) ifm<n<2m

so d(Addp|State;|, Add|State;]) — 0.

And d(Addp|Statey|, Add|Statey|) = 1—#T /m,
but T = & since for no input values can we
guarantee that x’ < n for all state.

This sequence does not converge, since we
can never force Addn to behave like Addy no
matter what input values are chosen.
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Similarly, in Insert, the value of the input cho-
sen is immaterial thus d(Bufp, Buf) =1 since
it is the size of the state that forces conver-
gence or otherwise.
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Arbitrary input/output types

Avoid the problem - recognise the nature of
approximation of implementation.

In any real implementation approximations will
be made, e.qg.,N will usually be implemented
as 0..maxint and so forth.

We thus use the same definition for d and p,
and adapt the definition of pg nd pc to take
into account the implementation range.

Adapt definition and take Yj;, to be the ac-

tual implementation of Y, and then find
<#Yimp_#7—
#Yimp

where T is the largest set T C Yjpp such that

Vx?: T eV State e pre AOp = pre COp
and similarly for pc.

With this metric should be a description of
how each infinite type has been implemented,
e.g., N as 0..maxint.
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Open questions

What is the relationship of these metrics and
the metric space approaches to semantics?

What are the topological characteristics of
the metrics?

What is their basis in terms of data refine-
ment?

What alternative metrics are there?
Work in progress

Defining meaning of 'uniform’ in Element-wise
refine - apply refinement uniformly to each of

(Sn)-



